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5D Dirac Equation in Induced-Matter Theory
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According to an induced-matter approach, Liu and Wesson obtained the rest mass of a
typical particle from the reduction of a 5D Klein—-Gordon equation to a 4D one. Intro-
ducing an extra-dimension momentum operator identified with the rest mass eigenvalue
operator, we consider a way to generalize the 4D Dirac equation to 5D. An analogous
normal Dirac equation is gained when the generalization reduces to 4D. We find the rest
mass of a particle in curved space varies with spacetime coordinates and check this for
the case of exact solitonic and cosmological solution of the 5D vacuum gravitational
field equations.
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1. INTRODUCTION

In modern Kaluza—Klein theories, there was a 5D spacetime-matter theory
proposed by Wesson dozens of years ago (Wesson, 1984). The theory connects
the extra dimension, namely the fifth dimension, with the rest mass of a typical
particle, and thereby matter is brought into geometric system. The remarkable
characteristic of the approach is that the rest mass of typical particle is generally
variable, which embodies Mach'’s principle in a sense (Liu and Mashhoon, 1995;
Ma, 1990b).

The question that Wesson thought a lot about was how to generalize Einstein’s
equation to 5D space, that is, how to define the 5D energy—momentum tensor. At
last Wesson believed the 5D energy—momentum tensor identically equals zero,
that is, the 5D gravitational field equation is

®Ryn =0 (1)

where indexM, N =0, 1, 2, 3,4. Reducing to 4D returns it to the normal
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Einstein’s equation

2
where indexu, v =0, 1, 2, 3. The effective 4D energy—momentum terggrin
matter field is obtained from the extra dimension by the following correspondence

1 1
Tw=g5 [@ R — (R,W — Eng)} ®3)

Wesson called this approach the induced-matter theory (Wesson, 1990, 1999).
Later Wesson and his Collaborators tried their best to carry it out. Recently, ad-

hering to the induced-matter idea, Liu and Wesson generalized the Klein—Gordon
equation to the 5D curved space in following form (Liu and Wesson, 2000):

(S)QMN¢:M;N =0 4)

When eq. (4) reduces to 4D, the part relating to the extra dimension is regarded as
the effective mass term.

Seeing that conformal transformation preserves the causal structure of space-
time, the conformally invariant form of the field equation is worth pursuing. We
further generalize eq. (4) from the minimally coupled case to the conformally
invariant form

1
Rw = —SJTG(TMV - —Tp,og,w> (2)

®)

1
(S)QMN¢:M;N + 5 Rp =0 5)

Furthermore, we check the rest mass of a typical particle in some typical gravita-
tional fields and obtain more ideal results of the variable induced rest mass (Guo
and Ma, 2001).

As is known to all, any new theory must be overall tested, modified and
perfected from proposal to acceptance or denial. Many authors keep investigating
the Kaluza—Klein type variable-gravity theory, namely, spacetime-matter theory
(Liu and Wesson, 1994). Ma once proposed a new physical interpretation of extra-
dimension subspace and a suggestion about the 5D energy—momentum tensor (Ma,
1990a, 1991). Maes discussed the Dirac equation using the Ma interpretation
(Macias et al,, 1993). In accordance with the induced-matter idea we propose
a generalization of the usual Dirac equation and discuss its properties. Because
the wave function of the Dirac field has multiple components, we in principle
encounter some new problems different from the Klein—-Gordon equation. How to
resolve these problems is one of the concerns of the present paper.

2. DIRAC EQUATION IN FIVE-DIMENSION FLAT SPACETIME
The conventional covariant form of Dirac equation in 4D spacetime is
iy" Y —mey =0 (6)
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Here we choose an appropriate unii= h = 1. Dirac matriceg/* satisfies the
anticommutation relations

y" y'y =29 (7)

wherep*V = diagonal¢+1, —1, —1, —1). We choose Dirac matricgég*} as

P=(05) »=(2%) ®)

where index = 1, 2, 3.1 is an identical matrixo; is the Pauli matrix. According
to the induced-matter theory, the generalization of Dirac equation in 5D flat space
is simply

®yMy =0 9)
{OpM, BN} = 26 MN (10)
G)yMN — diagonalg¢-1, -1, —1, -1, —1) (11)

Here we still choos®)y# as Eq. (8) and choodey* as
(01
Oyt =yOty?y® = i (| 0) (12)

However, if we directly imitate the method of dealing with the scalar field in
Ref.6 and Ref.7, suppose(x™) = v (x*) €™** reduce Eq. (9) to 4D, we obtain

iy, —mPyty =0 (13)

This isn'tthe conventional 4D Dirac equation (6). This seems a difficulty. However,
it is easy to overcome the difficulty, because it is not substantial. For example, we
identify the extra-dimension momentum component oper@fos 1% -2; with

the rest mass operator. Considering a free Dirac particle, its wave function is

Ip_ — u(pl , mO) ei(pixi+mox4—Et) (14)

Substituting Eqg. (14) in Eqg. (13), we have

—ElI p-6 +imgl X1\
(5-a—imo| _El )<X2>—° (15)
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Y1 Y3

wherey; = , X =
X1 (1//2) X2 <1//4
lution is that the coefficient determinant on the left-hand side is zero, which is

). The essential condition of Eq. (15) having so-

’ —IE pro+imol | _ g (16)

p-6+imgl  —El

It gives

Er=+,/P2+m2 (17)

whereE,, E_ is positive energy and negative energy, respectively. One solves
the spin eigenvalue equation to get the further solution. Hence we find the same
solution as the solution of Eq. (6) for a free Dirac particle.

In fact, Eq. (13) on both hand sides multiplied left®y° becomes

Ay . oy
ha - = 1
= i or —moBy 0 (18)
Here o' = G001 = ((? %) B = B)oB)4 —j (? _OI ) which satisfy
|

relations
oot} =28, (o', B} =0, BP=(d') =1

Therefore, Eq. (18) is the normal form of Dirac equation, that is, equivalent form
of Eq. (6).
Certainly both hand sides of Eq. (13) multiplied left by¥y4) gives

y/l. — _(5)y4(5)y/L (19)

or, equivalently,

(01 - . (= 0
yoz_(S)yzl(S)yo:,(l o)’ y.:_(s)y4(5)y.=|< a )

—0i
herey# satisfy the anticommunication relations (7). Equation (13) becomes
i)/ﬂlﬁ,u - mol/f =0 (20)

If we define Dirac matrix/#* in the 4D Dirac equation as (19), Eq. (20) is another
spinor expression of Eq. (6).

We conclude this section by stressing that it is necessary to introduce an
extra-dimension momentum operator, namely, rest-mass opeFtern*i -2,
for two other important reasons. First, it is required by covariance of the theory.
Second, existence @iy is natural by introducing the rest-mass operator. In our
present opinionsng is nonzero eigenvalue of the rest-mass operator and different

eigenvalues represent different rest-mass particles. That is to say, existgifce of
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is natural for 5D generalization of the theory. Therefore, existence of its eigen-
value is natural too. By identifying* with rest-mass operator, an extra-dimension
momentum has an explicit physical interpretation. Meanwhile, a particle obtains
a 4D effective rest mass.

3. DIRAC EQUATION IN CURVED SPACETIME

Letrecall the case in 4D spacetime. Considering that gravity affects on a Dirac
spinor particle, that is, the Dirac equation is generalized to the curved spacetime,
we must introduce vierbein field (Birrell and Davies, 1982; Wald, 1984)

VE(X) = (agi(x)) 1)
x=X

IXH

Wherez$ (x) is the local coordinate a and indexxis Lorentz index that is raised
or lowed byn. The metric tensor is related tg ; by

quV§V§ =TNgp Gu = Vjvvﬂrl&ﬁ (22)
The spin covariant derivative is defined by
V;Aﬁ = (au + F/t)lﬂ (23)

Whererl',, are the spin connections

1 .
r,= EVO;/VBV;MUM; (24)

Here Vj,., = V;, , — V3T, depends on the Christoffel symbols, antf =

2[ye, yP] is called the Lorentz group generators. The generalization of Dirac
equation in curved spacetime is

iy"V, —my =0 (25)
wherey* satisfy the anticommuniation relations
v, v" =29" (26)

According to the idea of induced-matter theory, the generalization of Dirac
equation in 5D curved space is

Oy MOV Y =0 @)

This involves the Dirac matrix, vierbein, spin connections, and spin covariant
derivative, which are the direct generalizations of the 4D case.
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4. EFFECTIVE MASS OF A DIRAC PARTICLE IN 5D THEORY

When the Dirac equation (27) in 5D curved space reduce to the 4D form,
that is, compared with Eq. (25) in 4D curved space, an effective mmgagss
yielded, which is called induced mass. We should point out that for the case in 5D
flat space the reducing procedure is completed by solving opgihigenvalue
equation (see Section 2). The induced mass is the eigenvalue of ogEratdrich
is constant. However, for the case of 5D curved space, the rest-mass terms are not
determined only by operatg®*, and the momentum is not constant because of the
effects of gravity.

In many Kaluza—Klein-type theories, for the sake of simpli€ity,, = 0 is
usually chosen, s8g,, = g,v. The 5D line element is

OdFL = Oy y dxMdxN = g,y dx* dx’ — ¢?dI? (28)

wherel = x*. In the horizontal lift basis the vierbein is block diagonal,

The nonzero 5D Christoffel symbols are

1 ..
(S)F\lfx =Ty, (S)F\If4 = Egukgvx

1 — *
iy = 99"y, O =560,
Ori, =¢'¢,., “ri=¢"¢ (30)

where partial derivatives with respect lt@re denoted by an asterisk. The spin
connections are

1 ,. s
(S)F/L = F,uéqs lgMVVgG N
(5) 1 T RY 1, v w_Gh
Fa = 5Ve o™ Vi = 590 V5 ) = Vil (1)
From the Dirac equation (27) we have
0=iOyMOVyy =iO)yrOy, y 164,y

=iOyrv, ¥ + 5l Clyry=1g,, Vo y +i®y*w

. 1 .; y 1 x G4
+ |(5)y4voét I:Eaaﬁ (VBM - Eg/j,VVé}/> - ¢Jlo‘ 4] W (32)



5D Dirac Equation in Induced-Matter Theory 1739

Before discussing the effective rest mass, we note the following: (i) the mo-
mentum operator in cured space should be the general covariant gradient operator
(multiplied byi), namely,i ®Vy. The eigenvalue of-i & is not the effective rest
mass of a Dirac particle; (ii) we see thalg, 4 = 0,6 )g44 #?,and®g,y = gy,
so the generalization of Eq. (19) is
1
wo— _ (5),,405),, 1 _ —-1(5),,4(5)

Y Nkl -y
The defined * satisfy the anticommunication relations (26). Multiplying Eq. (32)
on both hand sides left b( (5);/ ) with Eq. (33) and settingr(xM) =

¥ (x*) €™ we obtain

1% (33)

1
0= iy "Vw +iy + 5iv"97 9, Vo Y
o1 @B [\
+HiVy EO Vf;“ gw —i—qbuo W
) 1 wa—1x v _ad
=1y — Mo — SiyHeT7g,, Vo

1 A 1, . 5d
_E'Voélaaﬂ (Vﬁu - Eguvvg) - 'V$¢,u0a4i| v (34)

Comparing Eg. (34) with Eq. (25) gives

l. ) PN *
MeftYyr = |:m0 - E'V‘“ﬁ ngv @ _ 2'Voétgaﬂ (VBM

1, . oA
—igﬂvv&”) - 'Vcé‘d),uff““] v (35)
We find that in generaing is variable with spacetime coordinates, which is ex-
pected by the theory.
5. APPLICATION IN SPECIFIC GRAVITY

In this section we consider two specific examples. First, consider the static,
spherically-symmetric gravity. The line element is (Dauidson and Owen, 1985;
Gross and Perry, 1983)

dS = A%dt? — A2 Pdr? — A2 Pr2dQ? — A°dI?
Ar)=1-2GM/r 1=a’+ab+b? (36)

We choose the vierbein as

—(a+h) 1-(a+b) 1-(a+h)
2

VM_dIagonal<A2 > AT T A rsin@.Ag) (37)
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Expression (35) become

(Mt — Mo) | — 325M A(b_%_l)al 0
0 (Mes — o)l + 108M A(-2-1) 5,

x<£)=0 (38)

The essential condition of Eq. (38) having solution is that the coefficient determi-

nant on the left-hand side is zero, which is

1bGM (b-2-1)
A

2 r2

Ref. 7 fixes the values afandb thatb ~ 0.002,a ~ 0.999. From Eq. (39) returned

to the usual unit we get

Meff — Mo £ = (39)

GMh <1 GM)‘l-498

As an illustration, let us consider a electron passing the Sun with dimensionless
potential fe@'\’é% =212x 10°% r = Ry = 6.96 x 10'° cm and mass of a electron

Mo = Me = 9.11 x 1028 g. Using Eq. (40) we obtain
Mest = Mo(1 & 1.17 x 10~%0) (41)

Though the result cannot be tested exactly by experiment, we find atleast no conflict
with experience, which has great theoretical significance, that is, embodies Mach’s
principle.

Consider the case of cosmology and choose the line element as

Odg = dt? — R2(t)< 5 +r2dQ ) — f2(t)dI? (42)

Obviously,®)g,, = g,y is the Robertson-Walker metric in the 4D cloke< +1)
universe model. The nonzero components of the Ricci tensor are

p ;
©Rgo = 3 ++ =R+t ¢

1 _f
+2)—- ——RR—

OR; = —
H 1-r2  f

1 f
=Ry — ——RR—
H™= 12 f

f
O Ry, =r?(1—r?)®Ry; = Ry — rZFeRT
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®) Rs3 = Slﬂ2 9(5) Ryo = Raz — I'2 SIF]ZGRR?

© . ..R
Rus=—ff-3ff 2 (43)

Here overdots denote partial derivatives with respedt fbhe 5D gravitational
field equatiorf® Ry N = 0 gives

. R
f+3f==0
+ R
’ R
f+3f==0
+ R
- R R 1
f+ f 2 2— ] =0 44
+ (R +2=+ RR) (44)
The first two equations in Eq. (44) give
f=R (45)
The last equation in Eq. (44) with Eq. (45) becomes
RR+R*+1=0 (46)

In the 4D close Robertson—-Walker universe model, if the equation of state is
p = p/3, the dynamical equation gives just Eq. (46). We have
.. 8t G 87 G 1
R=—-———pR=———poRiI= 47
3 P 3 PR3 (47)

wherepg and Ry are the present values of the matter density and the scale factor,
respectively. We find equation Eq. (45) equivalently gives the equation of state
p=3p

The solution of eq. Eq. (47) is

R(t) = %\/ AZ— (A— at)? (48)

where A= /#E 5 R3. Using R‘ =Ho, &Epo> HZ, and £Epy> HZ
(because of close universe) this glves the integral constant.

«= (B2 Hi) R (49)

We further calculatef 2

a(A— at)?

2o AAZal)
AZ — (A — at)?

(50)
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The vierbein is chosen as

V,\’,} = diagonal(l, , Rr, Rr sing, f) (51)

R
A1—r2
Equation (35) becomes

(Mef — Mo + 2RI 0 ) <X1)
. =0 52
< 0 (Mt — Mo — 3 R)! X2 (52)

The essential condition of Eq. (52) having solution is that the coefficient determi-
nant on the left-hand side is zero, which yields

1.
Meff = Mg £ > R (53)

Returning to the usual unit, we rewrite expression (53) as
M = Mo & ~ 0 & (54)

Though the cosmological solution is not suitable for the present universe,
we can give a rough estimate using the present values. With the present value of
the decelerating parametgs ~ 1 and the present value of the Hubble constant
Ho ~ (4.11 x 107s) %, then Ry & H,y ' and 8rGpo/3 ~ 2HZ, expression (47)
gives

. 8rG
Ro ~ TPORO ~ —2Ho (55)

With the electron massi, ~ 9.11 x 10-22 g expression (54) gives
Meft = Me(1 £ 1.5 x 1079) (56)

We find the result is reasonable again.

6. CONCLUSION

According to the induced-matter idea proposed by Wesson and Liu, we estab-
lish the conformally invariant 5D Dirac equation on the basis of the conformally
invariant 5D Klein—Gordon equation. Because the wave function of Dirac field is
multiple component matrix form, the method of constructing the Dirac equation
doesn’t simply imitate that of the Klein-Gordon equation. In 5D flat space we
firstly identify extra-dimension momentum operator with the rest-mass operator
and derive the mass terms when the 5D massless Dirac equation reduces to 4D by
solving momentum eigenvalue problem. We find the proper relation (33) between
5D Dirac matrix and 4D Dirac matrix, generalize the Dirac equation to the cured
space, and obtain the general expression of the effective induced matter. We check
our results for the two specific cases of the static, spherically-symmetric gravity,
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and the 5D cosmological solution, which we obtain corresponding to the 4D close
Roberston—Walker cosmological model. The result is satisfactory.

To sum up, according to the above method of establishing the Dirac equa-
tion, there are some characters as follows: First, it accords with the induced-matter
theory and was once Einstein’s dream (Wesson, 1999). Second, the equation is
conformally invariant. Third, as for 5D theory it gives the extra-dimension mo-
mentum operator and the specific physical interpretation of eigenvalue. Fourth, the
effective induced matter is generally related to spacetime geometry that depends
on the distribution of matter in the universe. Consequently mass depends on the
distribution of matter in the universe, which embodied the spirit of Mach princi-
ple. Fifth, we use the typical gravity to examine that the result has no conflict with
observations.

ACKNOWLEDGMENTS

We are grateful to Professor Paul S. Wesson for posting his works and papers.
We thank Professor Hongya Liu and Professor Youlin Wu for valuable discussions.

REFERENCES

Birrell, N. D. and Davies, P. C. W. (1982Quantum Field in Curved Spac€ambridge University
Press, London.

Dauidson, A. and Owen, D. A. (1985 hysics Letters B55 247.

Gross, D. J. and Perry, M. J. (1988Juclear Physics B26, 29.

Guo, Z. K. and Ma, G. W. (2001)nternational Journal of Theoretical Physid®, 1259.

Liu, H. Y. and Mashhoon, B. A. (1995Annalen der Physik, 565.

Liu, H. Y. and Wesson, P. S. (1994hternational Journal of Modern Theoretical Physics3D627.

Liu, H. Y. and Wesson, P. S. (200@eneral Relativity and GravitatioB2, 583.

Ma, G. W. (1990a)Physics Letters A43 183.

Ma, G. W. (1990b)Physics Letters A46, 375.

Ma, G. W. (1991)Astrophysical Space Scient81, 331.

Macias, A., Martinez, G. J. F., and Obiag O. (1993)General Relativity and GravitatioB5, 549.

Wald, R. M. (1984)General RelativityChicago University Press, Chicago and London.

Wesson, P. S. (1984%eneral Relativity and Gravitatioh6, 193.

Wesson, P. S. (1990Eeneral Relativity and Gravitatio®2, 707.

Wesson, P. S. (1999%pace-Time-Matteorld Scientific, Singapore.



